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Abstract 

On a real analytic manifold M, we construct what we call the lin- 
ear subanalytic Grothendieck topology M sa i together with the natural 
morphism of sites p: M sa — > M sa i, where M sa is the usual subanalytic 
site. Our first result is that the derived direct image functor Rp* ad- 
mits a right adjoint, allowing us to associate functorially a sheaf (in 
the derived sense) on M sa to a presheaf on M sa satisfying suitable 
properties. 

We apply this construction to various presheaves on real manifolds, 
such as the presheaves of C°°-functions with temperate growth of a 
given order at the boundary or with Gevrey growth at the boundary. 
On a complex manifold endowed with the subanalytic topology, the 
Dolbeault complexes associated with these new sheaves allow us to 
obtain various nitrations on the sheaf of holomorphic functions. 

Applications to holonomic P-modules will be developed in a forth- 
coming paper. 
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Introduction 



Consider a real analytic manifold M endowed with the subanalytic topology 
M sa introduced in [KS01] and let us say that two relatively compact suban- 
alytic open subsets U\ and U 2 of M sa are 1-regularly situated if there is a 
constant C such that the distance of any x G M to M \ {U\ U U 2 ) is bounded 
by C-times the maximum of the distance of x to M \ Ui (i = 1, 2). 

Let k be a commutative unital Noetherian ring with finite global di- 
mension and let F be a presheaf of k-modules on M sa with the property 
that, for any open sets U\ and U 2 as above, the Mayer- Vietoris sequence 
->■ F{Ui U U 2 ) -> F(Ut) © F(U 2 ) ->■ F(Ui D C/ 2 ) -M) is exact. We shall 
functorially associate to such a presheaf F an object F of the derived cate- 
gory of sheaves D b (kM aa ) such that Rr({7; F) is in degree and is isomorphic 
to F(U) as soon as the open relatively compact subanalytic subset U of M 
has a Lipschitz boundary. 

For that purpose we introduce the site M sal whose objects are the same 
as those of M sa , namely the relatively compact subanalytic open subsets, 
but the coverings are the finite coverings which are 1-regularly situated (see 
Definition 11.11 for details). There is a natural morphism of sites p sa i: M sa — y 
M sa \ and we are reduce to prove the two results (see Theorems 13.111 and 14. 1 1 p : 

(1) the functor Rp S ai* admits a right adjoint, 

(2) if U has a Lipschitz boundary, then the object Rpsai^kfy is concentrated 
in degree 0. 

We apply these constructions to the case where F is a presheaf of tem- 
pered C°°-functions with growth of a given order or a presheaf of C°°-functions 
with Gevrey growth at the boundary. Sobolev sheaves will be treated by 
G. Lebeau in a forthcoming paper |Lel2j . 

Then on a complex manifold X, regarding the sheaf &x of holomorphic 
functions as a Dolbeaut complex, we construct a natural filtration by the 
order on the sheaf ff^ 9 of temperate holomorphic functions and a natural 
Gevrey filtration on the sheaf Gx- 
In forthcoming papers we will: 

(i) study the operations on sheaves on the linear subanalytic sites, 
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(ii) study the nitration by the order on the sheaf 0^ mp (using the tools 
of |Sn99j ) and, as a byproduct, endow regular holonomic T>- modules 
with the filtration by the order, 

(iii) use the Gevrey sheaves in the study of irregular holonomic D-modules. 
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University in 2011 and 2012 and we wish to thank this institute for its hospi- 
tality. During our stays we had, as usual, extremely enlightening discussions 
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We have also been very much stimulated by the interest of Gilles Lebeau 
for sheafifying the classical Sobolev spaces and it is a pleasure to thank him 
here. 

Finally this paper would be of little interest without Theorem 14.81 whose 
proof has been proposed to us by Adam Parusinski, and we are extremely 
grateful to him. 

1 Subanalytic topologies 

Usual notations 

We shall mainly follow the notations of [KS901 IKSUT] and [KS06] . 

In this paper, we denote by k a commutative unital Noetherian ring with 
finite global dimension. Unless otherwise specified, a manifold means a real 
analytic manifold. 

For a subset A in a topological space X, A denotes its closure, Int A its 
interior and OA its boundary, OA = A \ Int A. 

If ^ is an additive category, we denote by C(^) the additive category 
of complexes in ^ . If ^ is an abelian category, we denote by D(^) its 
(unbounded) derived category. For * = +,—,6 we also consider the full 
additive subcategory C*(^) of C(^) consisting of complexes bounded from 
below (resp. from above, resp. bounded) and similarly with D*(^). 

For a site we denote by Mod(k^) the abelian category of sheaves 
of k-modules on ST . Recall that Mod(k^) is a Grothendieck category. We 
write D*(k^) instead of D*(Mod(k^)) (* = 0, +, -, b). 

We will often use the following well-known fact. For any F £ D(k^) 
and any i £ Z, the co homology sheaf H l (F) is the sheaf associated with the 
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presheaf U \-> H^U; F). In particular, if H^U; F) = for all U e then 
H\F) ~ 0. 

For an object U of recall that there is a sheaf naturally attached to 
[/ (see e.g. |KS06j § 17.6]). We shall denote it here by \aus or simply ku if 
there is no risk of confusion. This is the sheaf associated with the presheaf 
(see loc. cit. Lemma 17.6.11): 

The functor "associated sheaf" is exact. If follows that, if V — > U is a 
monomorphism in then the natural morphism ky,^ — > \s.us also is a 
monomorphism. 

For a real analytic manifold M, one denotes by ModR_ c (k M ) the category 
of IR-constructible sheaves on M. One denotes by D^_ c (kjv/) the full trian- 
gulated subcategory of D b (kj\,/) consisting of objects with IR-constructible 
cohomologies. 

The site M sa 

We shall mainly use the subanalytic topology introduced in |KS01] . In loc. 
cit., sheaves on the subanalytic topology are studied in the more general 
framework of indsheaves. We refer to [Pr08] for a direct and more elementary 
treatment of subanalytic sheaves. 

Let M be a real analytic manifold and denote by Op Maa the category of 
relatively compact subanalytic open subsets of M, the morphisms being the 
inclusion morphisms. Recall that one endows Op A/sa with a Grothendieck 
topology by saying that a family {Ui}i e i of objects Op Msa is a covering of 
U G Op Maa is Ui C U for alH G / and there exists a finite subset J C I such 
that \J je jUj = U. 

One shall be aware that if U is an open subset of M, we may endow it 
with the subanalytic topology U sa , but this topology does not coincide in 
general with the topology induced by M. 

We denote by p sa : M — > M sa (or simply p) the natural morphism of sites. 
We get the pairs of adjoint functors (p^Psa*) and (p^ 1 , Rp sa *): 

(1.1) Mod(k M ) ^Mod(k Msa ), D b (k A/ ) ^ D b (k Ms J 

Psa Psa 

The functor p" 1 also admits a left adjoint functor p sa! . For F G Mod(kjw), 
p sa ,F is the sheaf on M sa associated with the presheaf U i— > F(U). 
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Recall that p sa!f is fully faithful and is exact when restricted to the sub- 
category ModR_ c (k M ). Hence we shall consider this last category both as a 
full subcategory of Mod(k^f) and a full subcategory of Mod(kM sa )- 

For U G 0p Msa we have the sheaf k^jv/ sa — Ps&Jt-UM on M sa that we simply 
denote by kj/. 

The site M sal 

Let us choose a distance d on M such that, for any x G M and any local 
chart (U, tp: U ^ W 1 ) around x, there exists a neighborhood of x over which 
d is Lipschitz equivalent to the pull-back of the Euclidean distance by <p. 

Definition 1.1. Let {£/j}j g / be a finite family in Op M . We say that this 
family is 1-regularly situated if there is a constant C such that for any x G M 

(1.2) d(x,M\[ \Ui) <C-maxd(x,M\Ui). 

iei 

Of course, this definition does not depend on the choice of the distance 

d. 

Example 1.2. On R 2 with coordinates (cci,^) consider the open sets: 

Ux = {(x 1 ,x 2 );x 2 > -x 2 , x\ > 0}, 
U 2 = {(xi, x 2 ); x 2 < xl, xi > 0}, 
U 3 = {(xi,x 2 );xi > -xl, x 2 > 0}. 

Then \U\, U 2 } is not 1-regularly situated. Indeed, set W :— U\ U U 2 — {x\ > 
0}. Then, if x = (x u 0) i x 1 > 0, d(x, M 2 \ W) = x x and d(x, R 2 \ U t ) (i = 1, 2) 
is less that x\. 

On the other hand {Ui,U 3 } is 1-regularly situated. Indeed, 

<i,M 2 \(f/iUf/ 3 )) < v / 2max(d(x,M 2 \f/i),rf(x,M 2 \f/ 3 )). 

Definition 1.3. A linear covering of U is a small family {£/j}j g j of objects 
of Op Msa such that U{ C U for alH G / and 

there exists a finite subset Iq C / such that the family {£/i}ier 
^ ' ' is 1-regularly situated and [J ieIo Uj = U. 
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Let {Ui} ie i and {Vj}j e j be two families of objects of 0p Msa . Recall that 
one says that {Ui}i £ i is a refinement of {Vj}j e j if for any i G I, there exists 
j E J with Ui C Vj. 

Lemma 1.4. The family of linear coverings satisfies the axioms of Grothendieck 

topologies below (see |KS06j § 16.1]). 

C0V1 {[/} is a covering of U , for any U G 0p Msa . 

C0V2 If a covering {Ui} i€ j ofU is a refinement of a family {Vj}j € j in 0p Msa 
with Vj C U for all j G J, then {Vj}j & j is a covering ofU. 
COV3 IfV C U are in Op A/aa and {Ui}^ is a covering ofU, then {VnUi}i e i 
is a covering ofV. 

COV4 If {Uj} i€ i is a covering of U and {Vj}j e j is a small family in 0p Msa 
with Vj C U such that {Ui H Vj}j e j is a covering of Ui for all i G I, then 
{Vj}j £ j is a covering of U . 

Proof. We shall use the obvious fact stating that for two subsets A C B in 
M, we have d(x, M\A) < d(x, M \ B). 

COV1 is trivial. 

COV2 Let I C / be as in f TOl) . Let o : / -)• J be such that 17* C V a{i) , for 
all 2 G I. Then, for all x G C/j we have d(x,M \ Ui) < d(x,M \ V a ^)). It 
follows that <t(/o) satisfies (jl.3p with respect to {Vj jjgj. 
COV3 Let 7 C 7 be as in (jl.3p and let C be the constant in ( II. 2p . Let x 
be a given point in V n Z7. We have M \ (V D C/)) < M\U). We 
distinguish two cases. 

(a) We assume that M \ (V D Ui)) = d(x, M\U t ), for all i G 7 - Then 
we clearly have d(x, M \ (V (1 U)) < Cmax ie/o d(x, M \ (V n t/*)) and 7 
satisfies (11.31) with respect to D Ui} i€ j. 

(b) We assume d(x, M \ (V D C/jo)) < ^(^, M \Ui ) for some 2o £ -^o- Then 
there exists y G M\(yn?7 io ) such that y) = M\(V(lU io )). We have 
d(x, y) < d(x, M \U ). We deduce that y G U and then that y E M \ V . 
Hence y G M \ (V n ?7) and M \ (V n C/)) < d(x, y). Then 

M\ (v n u)) < d(x, M\(vn u io )) 

< m&xd(x,M\(VnUi)). 

ieio 

We obtain for the family {1/ n U} ieIo with C = 1. 

COV4 Let 7 C I be as in (I1.3P and let C be the constant in (11. 2p . For each 

i £ Jo let Ji d J satisfy (11.31) with respect to Ui for the family {Ui D Vj}j e j 
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and let Cj be the corresponding constant. We set J = Uie/ ^ anc ^ & = 
max{C • Cjj z G /o}- Then we have 

d(x, M\U)<C max M \ UA 

< C max(C i max d{x, M \ (Ui D Vj))) 

< B max max d(x, M \ Vj) 

ieio jeJi 

< Bmaxd(x,M\ V), 

which proves that Jo satisfies (ll.3p with respect to {Vj}j & j. Q.E.D. 

As a particular case of COV4, we get that if {Ui}i £ j is a linear covering of 
U G Op Msa and I = \_\ aeA I a is a partition of /, then setting U a := {J ieIcc Ui, 
{U a }aeA is a linear covering of U . 
We shall also use the following: 

Definition 1.5. Let U G Op Msa . A regular covering of U is a sequence 
{Ui}ie[i,N} with KJVeN such that U = [j i£[hN] Ui and, for all 1 < k < N, 
{Ui}i e [i,k] is a linear covering of Ui<j<fe Ui- 

Lemma 1.6. We assume that the distance d is a subanalytic function on 
M x M. Let V C U be an inclusion in Op Msa and let 2 > e > 0. We set 

(1.4) V e ' u = {xeM; d(x, V)<e d(x, M\U)} 

and V = U\V. Then U (IV C V £ ' u C U and {V, V e > u } is a linear covering 
of U. In particular, for any V" G Op M such that V" U V — U, the pair 
{V", V £ ' u } is a linear covering of U . 

Proof, (i) Since d is subanalytic, V £ ' u is a subanalytic open subset. 

(ii) The inclusions U D V C V e,u C U follow easily from the definition. 

(iii) Let us prove that, for any x G M, 

(1.5) d(x, M\U)< max{2£- 1 rf(x, M\V), 2(1 + E~ l )d(x, M \ V e ' u )}. 

(iii)-(a) We assume that x G U and that d(x, M\U) > 2e~ 1 d(x, M \ V) 
(otherwise QI5J) is clear). We remark that M \ V = (M \ U) U V. Hence 
d(x, M\V) = d(x, (M\U)UV). Hence there exists y G (M\U)UV such that 
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d(x,y) < (e/2)d(x,M\U). Since e < 2 we have y G U. Since y G (M\U) UV 
we even have y G V. Hence d(x, V) < d(x, y) < (e/2)d(x, M\U). 
(iii)-(b) Let zGM \ V £ ' u . By the definition of V e > u we have 

e d(z, M\U)< d(z, V) < d(z, x) + d(x, V) < d(z, x) + (e/2)d(x, M\U). 

On the other hand we have d(z, M \ U) > d(x, M \ U) — d(z, x) and we 
deduce d(x,M\ U) - d(z,x) < e- l d{z,x) + (l/2)d(x,M \ U). This gives 
d(x,M\ U) < 2(1 + £~ 1 )d(z,x). Since this holds for all z G M \ V £ ' u we 
obtain (jl.5p and the lemma follows. Q.E.D. 

Lemma 1.7. Vt^e assume that the distance d is a subanalytic function on 
M x M. Let {Ui}f =1 be a 1-regularly situated family in 0p Msa and let C > 1 
be a constant satisfying (ll.2p . VFe choose D > C and 1 > £ > smc/i £/ia£ 
eD < 1 — e. We define Uf,Vi,Ul G Op Msa inductively on i by = V\ = 
U[ = U\ and 

U? = {x G U f , d(x, M\(U t U < -D d(ar, M \ U t )}, 

Vi = V5_! U J7°, 

E/? = (£/°) £ ' K (ustn^ t/ie notation f lL4j) L 

T/ien = Ui=i ^ anc ^> / or all k = 1, . . . , N , we have U' k C £4, 14 = |Ji=i ^ 
and {[//}£ = l is a 1-regularly situated family in Op Msa . 

Proof, (i) Let us prove that C L4- Let x G U' k and let us show that 
x G f/fc. By the definition (jl.4p we have x £ Vk and there exists y £ U® such 
that d(ar, y) < M \ 14). We deduce d(x, y) < e(d(x, y) + d(y, M \ V k )) 

and then 

(1.6) d(x,y)<(e/(l-e))d(y,M\V k ). 

On the other hand we have U® C U k , hence V k C U k U Vj._i. Since y £ U% 
we deduce 

(1.7) d(y, M\V k )< d(y, M\(U k U V k -i)) < D d(y, M \ U k ). 

The inequalities ( II. 6p . (II. 7p and the hypothesis on D and e give d(x,y) < 
d(y, M\U k ). Hence x G U k . 

(ii) We have Vi = V^_i U C/°. Hence Lemma [L6] implies that {Vi_i, 17/} is a 
covering of in M sa . Let us argue by induction. We immediately obtain that 
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V k = \JU u i Moreover, {V k - X ,U' k } being a covering of V k , we get by using 
COV4 that, for all k = 1, . . . , N, {U^ = 1 is a 1-regularly situated family in 

°PA/ sa - 

(iii) Let us prove that Vn = Ui=i ^i- ^ * s c l ear that V k C [jf =1 Ui, for all 
fc = 1, . . . , N. Let x G IXi ^i- Since x is 1-regularly situated, there 

exists z'o such that M \ U i=1 E/*) < C d(x, M\Ui ). In particular x G £/j 
and moreover d(x, M \ (U io U V^-i)) < Cd(x, M \ U io ) < D d(x, M \ U io ). 
Therefore x G Uf . By definition <Z V io <Z V^. Hence x G Vn and we 
obtain V N = \j" =1 U t . Q.E.D. 

In particular, we have proved: 

Proposition 1.8. Let U G Op Msa . Then for any linear covering {Ui} i£ i of 
U there exists a refinement which is a regular covering of U . 

Definition 1.9. (a) The linear subanalytic site M sa \ is the presite M sa en- 
dowed with the Grothendieck topology for which the coverings are the 
linear coverings given by Definition 11.31 

(b) We denote by p sa i : M sa — > M sal the natural morphism of sites. 

Remark 1.10. Let /: M — > N be a bi-Lipschitz subanalytic homeomor- 
phism between to real analytic manifolds. Then f^ 1 : Op M — > Op N in- 
duces an isomorphism of sites iV sa i M sa i. 

We have natural functors 

Psal * RPsal * 

(1.8) Mod(k Ms J 5=± Mod(k Msal ), D b (k Msa ) ^ D b (k A/sal ). 

''sal /'sal 

Lemma 1.11. The functor p sa i^ in (11. 8ft is fully faithful and p~}p sa i* — id. 
Moreover, p~jRp sa i* - id. 

Proof (i) By its definition, p~}p S ai*-F is the sheaf associated with the presheaf 
U i— >■ {psa\*F){U) ~ F{U) and this presheaf is already a sheaf. 

(ii) Since p~} is exact, p~}Rp sa i* is the derived functor of p~jp sa i*- Q.E.D. 
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Sheaves on M sa and M sal 



Proposition 1.12. LetU G 0p A/sa . Then p saU k UMsa ~ k[/ A / sal andp^k^M^ 
k[/M 8a • 

Proof. The proof of [KSOlt Prop. 6.3.1] gives the first isomorphism with- 
out any changes other than notational. The second isomorphism follows by 
Lemma [mi Q.E.D. 

Remark 1.13. Denote by M sa o the site for which the open sets are those of 
M sa but a family {f/i}i 6 j of open subsets of U is a covering of U if and only 
if there exists i with Ui = U . Then the sheaves on M sa o are nothing but the 
presheaves on M sa and one may ask why to consider M sal and not M sa0 which 
is easier to manipulate. One reason is that Proposition II. 121 is no more true 
with this new site, and, as a by-product, Theorem 13.111 below would no more 
be true with M sa o instead of M sa \. 

Proposition 1.14. Let U G Op Msa and let F G Mod(k Msa ). Then 

Rr(C/;Rp saU F)~Rr(f/; F). 

Proof. This follows from RT(U; G) ~ RHom(k c/ , G) for G G Mod(k^) {ST = 
M sa or & = M sa i) and by adjunction since p^k V M BBl - k UMs!l - Q.E.D. 

In the sequel we shall simply denote by hjj the sheaf \s-us~ f° r & — Ma 
or ST = M sal . 

Proposition 1.15. Let ST be either the site M sa or the site M sa \. Then a 
presheaf F is a sheaf if and only if it satisfies: 

(i) F(0) = 0, 

(ii) for any Ui, U2 G Op Msa such that {U\, U2} is a covering ofU\ U U2, the 
sequence -»■ U C/" 2 ) -> ^(^1) © F(C/ 2 ) F(t/i fl U 2 ) is exact. 

Of course, if 3F — M sa , {f/i, U2} is always a covering of Ui U t/2- 

Proof. In the case of the site M sa this is Proposition 6.4.1 of |KS01j . Let F 
be a presheaf on M sa i such that (i) and (ii) are satisfied and let us prove that 
F is a sheaf. Let U G Op A/sa and let {Ui} ie j be a linear covering of U. By 
Proposition 11.81 we can find a finite refinement {Vj}j £ j of {Ui}i e i which is 
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a regular covering of U. We choose a: J — >■ / such that Vj C U a y), for all 
j G J, and we consider the commutative diagram 



— F(U) . g/ F(^) 0. . gJ 



;i.9) 
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— F(U) — fce , F(V k ) — 0, Ig , F(^), 



where a and 6 are defined as follows. For s = {si}i £ i E i6/ F(Ui), we set 
a(s) = {4}fceJ £ 0fc G j-^(^fc) where t fc = s CT ( fc )| y fc . In the same way we set 
6({«ii}ijer) = WffcMolvwKjeJ- The P roof of |KS01[ Prop. 6.4.1] applies 
to a regular covering in M sa \ and we deduce that the bottom row of the 
diagram (jl.9p is exact. It follows immediately that Kerw = 0. This proves 
that F is a separated presheaf. 

It remains to prove that Kerf = Ima. Let s = {sj}j e / G 0j g 7-^(K) be 
such that v(s) = 0. By the exactness of the bottom row we can find t G F(U) 
such that a(u(t) — s) — 0. Let us check that = s, for any given i E I. 
The family {t/j D Vfcjfcgj is a covering of Ui in M sa i. Since F is separated it 
is enough to see that t\uinv k = Si\u 4 nv h f° r ah k E J. Setting W = Ui fl 14, 
we have 

= S(7(fc)|iy = (s CT (fc)|^nf/ CT(fe) )|w = (si|t/in?7 CT(fe) )|w = Si|w, 

where the first equality follows from a(u(t) — s) = and the third one from 
v(s) = 0. Q.E.D. 

Lemma 1.16. Let ^ be either the site M sa or the site M sa j. Let [/ G Op Msa 
and Ze£ {Fi} i£ i be an inductive system in Mod(k^) indexed by a small filtrant 
category I . Then 

(1.10) limr^Fi) ^r(tf;hmFi). 



This kind of results is well-known from the specialists (see e.g. |KS01 
lEPlOj ) but for the reader's convenience, we give a proof. 

Proof. For a covering =5^ = {Uj}j of £7 set 

T(y; F) := Ker ( J] F(^) =4 J] F(t/, n Uj)) . 

i ij 
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Denote by "lini" the inductive limit in the category of presheaves and recall 
that limFj is the sheaf associated with "lim" F^. The presheaf "lim" F^ is 

i i i 

separated. Denote by Cov({7) the family of coverings of U in S" ordered as 
follows. For and ,5^2 in Cov(U), -< ,5^2 if ^\ is a refinement of J^- 
Then Cov(U) op is filtrant and 

T(U;\imFi) ~ lim r(J^; "lim" F$ 

i y&Cov{U) i 

~ hmlimr(^;Fi) 

~ hmhmr(^;F i ) ~ limr(f/;F i ). 

i y i 

Here, the second isomorphism follows from the fact that we may assume that 
the covering 5? is finite. Q.E.D. 

Example 1.17. Let M = M 2 endowed with coordinates X — (^1 1 %2 

). For 

£, A > we define the subanalytic open subset 

(1.11) U A , £ = {x; < x\ < e, —Ax\ < x 2 < Ax\}. 

We define a presheaf F on M sa \ by setting, for any V G Op M , 



F(V) 



k if for any A > 0, there exists e > such that Ua, £ C V, 
otherwise. 



The restriction map F(V) -> F(V"), for V C V, is id k if F(V) = k. We 
prove that F is sheaf in (iii) below after the preliminary remarks (i) and (ii). 

(i) For a given A > we have d((e/2, 0), M\ t/ A , £ ) > (A/16)e 2 , for any e > 
small enough. In particular, if F(V) = k, then 

(1.12) d((e,0),M\V)/e 2 -> +cx) when e -» 0. 

(ii) Let us assume that there exist A > and a sequence {e„}, n G N, 
such that e n > 0, e n — > when n — > oo and V contains the closed balls 
B((e n , 0), Ael) for all n G N. Then there exists £ > such that V contains 
tV\{0}- 

Before we prove this claim we translate the conclusion in terms of sheaf 
theory (in the usual site IR 2 ). Let p: M 2 — > R be the projection (x±, X2) X\. 
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Then, for x\ > 0, the set fl V D Ua, e is a finite disjoint union of 

intervals, say Ii, . . . , Iff- If p _1 (xi) fl V contains p~ 1 (xi) D t//i,£, then N — 1, 
I\ is closed and Rr(R; k/J = k. In the other case none of these I±, Iff is 
closed and if°(R; kj.) = 0, for all j = 1, . . . , N. By the base change formula 
we deduce that V contains Ua, e \ {0} if and only if Rp*(k yn ^— ;)|] 0;£ ] — k] 0)£ ]. 

We remark that, for e < 1, we have Rp*(k VriT7 ^)\] 0te ] ~ Rp*(k VnT7 ^-)|]o, £ ]. 
The sheaf Rp*(ky n £jj-j-) is constructible. Hence it is constant on ]0, e] for e > 
small enough. Since (Rp*(k Vn jj^)) £n ~ k by hypothesis, the conclusion 
follows. 

(iii) Now we check that F is a sheaf on M sa i with the criterion of Proposi- 
tion [TT5J Let U,Ui,U2 G Op Msa sucn that {^1,^2} is a covering of ?7. We 
let C > be a constant satisfying (11.21) . 

(iii-a) Let us prove that F{U) —> F{U\) © F(U2) is injective. So we assume 
that F(U) = k (otherwise this is obvious) and we prove that F(U\) = k or 
F(U 2 ) = k. Let A > 0. By (jTT2j) and (JOJ) there exists e > such that 

max{(i((e, 0), M \ f/i), 0), M \ U 2 )} > (A/C)s 2 , for all e e]0, e [. 

Hence, for any integer n > 1, the ball B((l/n, 0), A/ (Cn 2 )) is included in U\ 
or f/2- One of U\ or f/2 must contain infinitely many such balls. By (ii) we 
deduce that it contains Ua/c,e a , for some Ea > 0. When A runs over N we 
deduce that one of U\ or ?7 2 contains infinitely many sets of the type Ua/c,s a , 
AeN. Hence F{U X ) = k or F(C/ 2 ) = k. 

(iii-b) Now we prove that the kernel of F{Ui) ®F(U 2 ) -> ^(^12) is F(£/"). We 
see easily that the only case where this kernel could be bigger than F(U) is 
F(U\) = F{U2) = k and F(U\2) = 0. In this case, for any A > 0, there exist 
£1,62 > such that Ua, Si C C/i and E/a,e 2 C U 2 . This gives C/A,min{ei,e 2 } c ^12 
which contradicts F(U 12) = 0. 

(iv) By the definition of F we have a natural morphism u: F — y p S ai*k{ } 
which is surjective. We can see that p~^(u) is an isomorphism. We define 
N G Mod(k^./ sal ) by the exact sequence 

(1.13) -> N -»• F -»• p saU k {0} -> 0. 

Then /0~}iV ~ but iV 7^ 0. More precisely, for V E Op Msa , we have 
N(V) = if e V and 7V(V) ^ F(V) ifO&V. 
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2 T-acyclic sheaves 

Cech complexes 

In this subsection, & denotes either the site M sa or the site M sal . 

For a finite set I and a family of open subset {Ui}i e i we set for 7^ J C I, 

Lemma 2.1. Let 3F be either the site M sa or the site M s& \. Let {U\, U2} be 
a covering of U\ U Ui- Then the sequence 

(2.1) ->■ k Ul2 -> © k U2 -» k^u^ -> 
is exact. 

Proof. The result is well-known for the site M sa and the functor p s ^ be- 
ing left exact, it remains to show that © kjj 2 — > k^u^ is an epimor- 
phism. This follows from the fact that for any F G Mod(kA/ sal ), the map 
Hom k (k^ui/jj, F) — y Hom k (k^ ©k^ 2 , F) is a mono morphism. Q.E.D. 

sal sa,l 

Consider now a finite family {t/i}jgj °f objects of Op M and let iV:=|/|. Then 
we have the Cech complex in Mod(k^) in which the term corresponding to 
I J I = 1 is in degree 0. 

(2.2) k' y/ . ()-> ku^ejA-'-A k^Oej-X). 

0^J C /,|J|=AT 0^J C /,|J|=1 

Recall that {ej}|j| = fc is a basis of f\ k 1, N and the differential is defined as 
usual by sending k U; © e j to © ig/ k^ © [e j using the natural morphism 
k Vj -> k Ujv . 

Proposition 2.2. Let ST be either the site M sa or the site M s& \. Let U G 
Op Msa and let % := {Ui}i G I be a finite covering of U in £F (a regular 
covering in case = M sa i). Then the natural morphism k' ?/ ku is a 
quasi-isomorphism. 

Proof. Let N = We may assume 7 = [l,iV]. For N = 2 this is nothing 
but Lemma 12.11 We argue by induction and assume the result is proved 
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for N — 1. Denote by the covering of U' := Ui<i<7v-i ^» by the family 
{t/i}ie[i,...,jv-i]- Consider the subcomplex F\ of given by 

(2.3) Fi :=()->• k t 7 J ®ej4---4 k^ej^O. 

7Ve./c/,|J|=Ar JVeJc/,|J|=i 

Note that Fi is isomorphic to the complex k^, n(7jv — > k^ where k^ is in de- 
gree and we shall represent Fi by this last complex. By |KS06l Th. 12.4.3], 
there are natural morphisms of complexes 

(2.4) k;, [-1] k; [-i] a 

and k^ is isomorphic to the mapping cone of the morphism 

(2.5) k^, [-1] A (k^, nt/jy k^) . 

Hence, writing the long exact sequence associated with the mapping cone of 
u, we are reduced, by the induction hypothesis, to prove that the morphism 

is a monomorphism and its cokernel is isomorphic to hjj. Since {U',Un} is 
a covering of U, this follows from Lemma [2.11 Q.E.D. 

Acyclic sheaves 

In this subsection, denotes either the site M sa or the site M sa j. In the 
literature, one often encounters sheaves which are F(U; * )-acyclic for a given 
U G ST but the next definition does not seem to be frequently used. 

Definition 2.3. Let F G Mod(k^). We say that F is T-acyclic if H k (U; F) ~ 
for all k > and all U G ST. 

We shall give criteria in order that a sheaf F on the site SF be T-acyclic. 

Let U G Op Msa and let ^ := {Ui}i G / be a finite covering of U in (a 
regular covering in case & = M sal ). We denote by C ; F) the associated 
Cech complex: 

(2.6) C*(^;F):=Hom. (k^F). 
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One can write more explicitly this complex as the complex: 

(2.7) 0^ F(Uj)®ejA---A F(Uj)®ej^Q 

0^J C 7,|J|=l ®-£JcI,\J\=N 

where the differential d is obtained by sending F(Uj) ® ej to ©j g/ F(Uj D 

Ui) (g) ei A ej. 

Proposition 2.4. Let 3F be either the site M sa or the site M S3i \ and let 
F G Mod(k^). The conditions below are equivalent. 

(i) For any {UijU?} which is a covering of JJ\ U JJ%, the sequence — >• 
F(U t U f/ 2 ) -»■ © F(t/ 2 ) F(E/i n t/ 2 ) -»■ exact. 

(ii) For any finite covering % of U [regular covering in case 2? = M sa \), 
the morphism F(U) — > C ifi/ ;F) is a quasi-isomorphism. 

(iii) The sheaf F is V -acyclic. 

(iv) For any exact sequence in Mod(k^) 

(2.8) G':=0^ 0]^ kf/!jv ^O 

the sequence Hom k ^(G* , F) zs exact. 

Proof. (i)=>(ii) is proved by induction on the cardinal of / as in the proof of 
Proposition 12.21 Details are left to the reader. 

(ii)=^(iii) (a) Let U G Op Msa . Let us first show that for any exact sequence 

of sheaves — > F -^V F' -4 F" — > and any U G Op A/sa , the sequence 
-> F{U) ->■ F([7) ->■ ^ is exact. Let s" G F"(£7). By the 

exactness of the sequence of sheaves, there exists a finite covering U = Ui=i ^"i 
and s- G F'(Ui) such that ^( S D = s "|c/i- m case ^ = M sa \, we may assume 
that the covering is regular by Proposition 11.81 For k = 1, . . . , N, we set 
Vfc = Ui=i Let us prove by induction on k that there exists t' k G F'iVk) 
such that ip(t' k ) = s"\v k - Starting with t[ = s[ we assume that we have 
found t' k . Since our covering is regular, {Vfe, £4+i} is a covering of Vk+\- 
We set for short W — Vk D t/fc+i- We have V'Wtlw) = V'C^+ilw)- Hence 
there exists s G F(W) such that <p(s) = f k \w ~ s' k+1 \w By hypothesis (ii) 
there exists sy G F(y k ) and sjj G F{Uk+i) such that s = — sjj\w- 
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Setting t' v = t' k — ip(sy) and = s' k+1 — ip(su) we obtain t'^w = s' v \ w 
and we can glue t' v \ w and s' v \w into t' k+l G F(Vk+i). We check easily that 
ip(t' k+1 ) = s"\y k and the induction proceeds. 

(ii) =^(iii) (b) Denote by J* the full additive subcategory of Mod(k,5r) consist- 
ing of sheaves satisfying the condition (i). We shall show that the category 
J is T(U; • )-injective for all U G Op Msa . Let F' : = -> F' -»■ F -»■ F" 
be a short exact sequence of sheaves. 

The category ^ contains the injective sheaves. By the preceding result, 
it thus remains to show that if both F' and F belong to Jf , then F" belongs 

to/ 

Let Ui,U 2 as in (i) and denote by the exact sequence —> k^n^ — > 
k u± © k[/ 2 — > k UlUU2 — >■ 0. Consider the double complex Hom k ^ (k * /; F* ). 
By the preceding result all rows and columns except at most one (either one 
row or one column depending how one writes the double complex) are exact. 
It follows that the double complex is exact. 

(iii) =>(iv) Consider an injective resolution 7" of F, that is, a complex J* of 
injective sheaves such that the sequence 7* ,+ := — > F — > I' is exact. The 
hypothesis implies that T(W;I' ,+ ) remains exact for all W G Op M . Then 
the argument goes as in the proof of (ii)=^(iii) (b). Recall that G' denotes 
the complex of (I2.8p and consider the double complex Hom k ^(G* , 7* ,+ ). 
Then all its rows and columns except one (either one row or one column 
depending how one writes the double complex) will be exact. It follows that 
all rows and columns are exact. 

(iv) =^(i) is obvious by Lemma [2.11 Q.E.D. 

Corollary 2.5. Let ST be either the site M sa or the site M sa \. A small filtrant 
inductive limit of T -acyclic sheaves is T -acyclic. 

Proof. Since small filtrant inductive limits are exact in Mod(k), the family 
of sheaves satisfying condition (i) of Proposition 12.41 is stable by such limits 
by Lemma [HS1 Q.E.D. 

Definition 2.6. Let ST be either the site M sa or the site M sa \. One says 
that F G Mod(k^) is flabby if for any U and V in Op A/sa with V C U, the 
natural morphism F(U) — > F(V) is surjective. 

Lemma 2.7. Let 2? be either the site M sa or the site M sa \. 
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(i) Injective sheaves are flabby. 



(ii) Flabby sheaves are T-acyclic. 

(iii) The category of flabby sheaves is stable by small filtrant inductive limits. 

Proof, (i) Let F be an injective sheaf and let U and V in Op Msa with V C U. 
Recall that the sequence — > ky — > ku is exact. Applying the functor 
Hom k ^ ( • , F) we get the result. 

(ii) If F G Mod(k^) is flabby then it satisfies condition (i) of Proposition [2T4J 

(iii) Let {Fi} i( zj be a small filtrant inductive system of flabby objects in 
Mod(k^) and let U and V in Op Msa with V C U. The family of epimor- 
phisms Fi(U)^Fi{V) gives the epimorphism limFj(?7)-» limF^y). Apply- 

i i 

ing Lemma Tl. 161 we get the epimorphism T(U; limFj)-^r(V; liniFj). Q.E.D. 



3 The functor pj, al 

Lemma 3.1. Let 2? be either the site M sa or the site M sa \ and let U G Op Msa . 
Let I be a small filtrant category and a: I — > Mod(k^) a functor. Set for 
short Fi = a(i). Then for any j G Z 

(3.1) H j RT(U;\u^Fi) ~ \u^H j RT(U; F^. 

i i 

Proof, (i) Denote by J? the full additive subcategory of Mod(ky) consisting 
of injective sheaves. It follows for example from [KS061 Cor. 9.6.6] that there 
exists a functor ip: I — > J? and a morphism of functors a — > ij) such that for 
each % G /, a(i) — >■ ^>(z) is a monomorphism. Therefore one can construct 
a functor J — > C + {^) (recall that C + (J?) is the additive category of 
bounded from below complexes of and a morphism of functor a — >■ ^ 
such that for each i e J, a(i) 4 \l/(i) is a quasi-isomorphism. 

(ii) Set for short G' = ^(i). Applying Lemma [1.1 6[ we get 

H j RT(U;Fi) ~ Hm# J 'r([/; G' ) 

~ H J T(U;\u^G'). 
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The complex lim G' is a complex of flabby sheaves by Lemma 12.71 Therefore 

i 

limGj* is a T(U; •)-injective resolution of limFj which implies 



H j T(U; lim G' ) ~ H j RT(U; lim F t ). 



Q.E.D. 



Lemma 3.2. Let ^ be a Grothendieck category and let d £ Z. TTien i/ie 
cohomolgy functor H d and the truncation functors r- d and r- d commute 
with small direct sums in D(^). In other words, if {Fi} ie j is a small family 
of objects of~D(^?), then 

(3.2) r <^^ r <<* ( F .) 

i i 

and similarly with r- d and H d . 

Proof, (i) The case of H d follows from [KgQ6l Prop. 10.2.8, Prop. 14.1.1]. 
(ii) The morphism in (13. 2 p is well-defined and it is enough to check that it 
induces an isomorphism on the cohomology. This follows from (i) since for 
any object Y E D(^), W(r^ d Y) is either or W{Y). Q.E.D. 

Lemma 3.3. Let ST be either the site M sa or the site M sa \ and let U £ Op M . 
Let — oo < a < b < oo, let I be a small set and let Fi £ D' a, ^(k^). Then 

(3.3) RF(U; Fi) ^ RF(U; Fj. 

i i 

Proof. The morphism in (13.31) is well-defined and we have to prove it is 
an isomorphism. If b = a + 1, the result follows from Lemma 13.11 The 
general case is deduced by induction on b — a by considering the distinguished 
triangles 

H a (F t ) [-a] -»■ F, -+ r^ a+1 F t ±i> 

and using the fact that H a and r- a+1 commute with direct sums by Lemma [3721 

Q.E.D. 

Lemma 3.4. Let U £ Op Msa . The functor T(U; •): Mod(k Msa ) -»■ Mod(k) 
has cohomological dimension dimM. 
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Proof. We know that if F G Mod R _ c (k M ), then H j RT(U;F) ~ for j > 
dimM. Since any F G Mod(kM sa ) is a small filtrant inductive limit of con- 
structible sheaves, the result follows from Lemma [3. II Q.E.D. 

Proposition 3.5. Let J? be the subcategory of Mod(kA/ sa ) consisting of 
sheaves which are T -acyclic. For any F G Mod(kjv/ aa ), there exists an ex- 
act sequence — )■ F — > F° — y ■ ■ ■ — y F n — > where n = dim M and the F- 7 's 
belong to J? . 

Proof. Consider a resolution — > F ■ with the .P's injective 

and define F^ = P for j < n — 1, F J ' = for j > n and _F n = KercP 1 . It 
follows from Lemma [3.41 that F n is r-acyclic. Q.E.D. 

Proposition 3.6. Let I be a small set and let F,i G D(k^/ sa ) {i G I). For 
U G Op Msa , we have the natural isomorphism 

(3.4) RT(U ; F { ) ^ RT{U ; F { ) mD(k). 

Proof. Since the morphism in (13. 4 p is well-defined, it is enough to check that 
it induces an isomorphism on the cohomology groups. 

Let n = dimM. For G G D(k^./ sa ) and for j G Z, we have by Lemma [3.41 

r^RT(U; G) ~ r^RT(U; r^^G). 

The functor T(U; •) being left exact, for k > j we get 

(3.5) # fc Rr([/; G) ~ H k RT{U; t^t^'^G). 
We have the sequence of isomorphisms: 

H k KT(U;@Fi) ~ ^(^r^r^^F.) 

j i 

~ H k RT(U; r^V^-"- 1 ^) 

j 

~ 0# fc Rr(f/;T^V^- n - 1 F J ) 

j 

~ 0# fc Rr(f/;F). 

i 

The first and last isomorphisms follow from (13. 5p . 
The second isomorphism follows from Lemma 13.21 

The third isomorphism follows from (I3.3P in Lemma [3.31 Q.E.D. 
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The functor Rp saU 

Lemma 3.7. Let 3? be either the site M sa or the site M sa \ and let U G Op Msa . 
Let — oo < a <b < oo, let I be a small set and let Fj G D^ a ' b ^(k^). Then 

(3.6) 0R Psal ^ ~» RpsaU (0 F .). 

i i 

Proof. It is enough to prove that the morphism in (I3.6P induces an isomor- 
phism for all U G Op Msa : 

RT(U; Rp saU F,) ^ RT(U; Rp saU F). 

i i 

This follows from Lemma [3.31 and Proposition 11.141 Q.E.D. 

Proposition 3.8. Let J? be the subcategory of Mod(kM 8a ) consisting of 
sheaves which are T -acyclic. The category J? is p^-injective (see |KS061 
Cor. 13.3.8]). 

Proof. Let — >■ F' — >■ F — > F" — > be an exact sequence in Mod(kM sa ). 

(i) We see easily that if both F' and F belong to ^ % then F" belongs to J? . 

(ii) It remains to prove that if F' G ^ , then the sequence — > p sa i^-F' — > 
Fp sa ,u — > Ps&uF" — > is exact. Let U G Op Msa . By Proposition II. 141 and the 
hypothesis, the sequence -> p sa i*F'(C/) ->■ p sa i*F(C7) ->■ p sa i*F"([/) ^ is 
exact. Q.E.D. 

Applying Proposition 13. 5| we get: 

Corollary 3.9. The functor p sa ^ /jas cohomological dimension < dimM. 

Proposition 3.10. Let I be a small set and let Fi G D(k^/ sa ) (i g I). For 
£/ G Op M , we /iai>e t/ie natural isomorphism 

(3.7) Rp sa i*F ^> Rp saU (0 zn D(k Msal ). 

Proof. The same proof as in Proposition 13.61 holds with the functor Rpsai* 
instead of the functor Rr(?7; •). We use Corollary 13.91 instead of Lemma 13~4l 
and we use ( 13 .6p in Lemma [3.61 instead of ( 13. 3p . Q.E.D. 

Theorem 3.11. (i) The functor Rp S ai* : D(kj\/ sa ) — > D(k^./ sal ) admits a 
right adjoint p^: D(k Mg J D(k Msa ). 
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(ii) The functor p sal induces a functor p sal : D + (k A / sal ) — >■ D + (k Msa ). 

Proof, (i) follows from the Brown representability theorem (see for exam- 
ple [KSU61 Cor. 14.2.3]) and Proposition EH 

(ii) This follows from the fact that the functor p sa x^ has cohomological di- 
mension < dim M by Corollary 13.91 and the general well-known result below. 

Q.E.D. 

Lemma 3.12. Let p* : ^ — >• be a left exact functor between two Grothendieck 
categories. Assume thatRp*: D(^) — > D(^') admits a right adjoint p l : D(^') — > 
D(^) and assume moreover that p* has finite cohomological dimension. Then 
the functor p ! sends D+(^') to D + (#). 

Proof. By the hypothesis, we have for X G D(^) and Y G D(^") 

(Rp,X,F)~Hom DW (X,p ! F). 

Assume that the cohomological dimension of the functor p* is < r. Let 

Y G D^°(«")- Then ^-om D{v) (X,p-Y) ~ for all X G D<" r (^). This means 
that F belongs to the right orthogonal to D < ~ r ( < ^) and this implies that 

Y G D-~ r (^"). Q.E.D. 

4 Open sets with Lipschitz boundaries 

Normal cones and Lipschitz boundaries 

In this paragraph R n is equipped with coordinates (x', x n ), x' G R n_1 , x n G R. 

Definition 4.1. We say that U G Op Ms has Lipschitz boundary (or simply, 
U U is Lipschitz" ) if, for any x G dll, there exist an open neighborhood V of 
x and a bi-Lipschitz subanalytic homeomorphism V W with an 
open subset of R n such that t/j(V D U) = W D {x n > 0}. 

Note that the property of being Lipschitz is local and thus the preceding 
definition extends to subanalytic but not necessarily relatively compact open 
subsets of M. 

Lemma 4.2. Let U G Op Afsa . We assume that, for any x G dU , there exist 
an open neighborhood V of x and a bi-analytic isomorphism ib : V W with 
W an open subset o/R n such that ip(V D U) = W fl {(x',x n ); x n > tp(x')} 
/or a Lipschitz subanalytic function tp. Then U is Lipschitz. 
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Proof. We define R n — > R n , (x',x n ) i— >■ (x',x n — </>(£')). Then ipi is a 
bi-Lipschitz subanalytic homeomorphism and we have (ipi o ip)(V PI £7) = 
^i(W) n {x n > 0}. Hence [/ is Lipschitz. Q.E.D. 

Lemma 4.3. Let Y be a vector space and let 7 be a proper closed convex 
cone with non empty interior. Let U G Op Vsa . Then the open set U + 7 has 
Lipschitz boundary. 

Proof. Let p G <9(£7 + 7). We identify V with R™ so that p is the origin and 
7 contains the cone 70 = {(x',x n ); x n > We have in particular 

(4.1) 7oC (tf + 7 ) c (R»\(_ 7o )). 

For x' G W n - 1 we set Z x / = (U + 7) n ({x'} x R). Then Z*/ = Z^ + [0, +00 [. 
By (14. ip we also have l x < 7^ and l x > 7^ R. Hence we can write Z^ = 
]<^(x / ), +00 [, for a well-defined function tp: M™ -1 — >■ R. 

Let us prove that tp is Lipschitz. Let x' G R n_1 and let us set q = 
(x',tp(x')) G d(U + 7). We have the similar inclusion as (14. ip . (q + 70) C 
(?7 + 7)c(R n \(g-7o))- Hence 9(C7 + 7) C (R n \ ({q + 70) U (q - 7 o)))- For 
any G R n_1 we have (?/', <p(y')) G £?(£/ + 7) and the last inclusion translates 
into \<p(y') — (p{x') \ < — a/ 1|- Hence y? is Lipschitz and C/ + 7 is Lipschitz 
by Lemma S3 Q.E.D. 

For two subsets A and £> of M, we refer to |KS90l Def 4.1.1] for the 
definition of the normal cone C(A, B). 

Definition 4.4. (See |KS90l § 5.3].) Let S be a subset of M. The strict 
normal cone N X (S) and the conormal cone N*(S) of S at x G M as well as 
the strict normal cone N(S) and the conormal cone N*(S) of S* are given by 

N X (S) = T X M \ C{M \ 5, 5), an open cone in T X M, 
N* X (S) = N X (S)°, 

N(S) = N X (S), an open convex cone in TM, 
N*(S) = |J N* X (S). 

By loc. cit. Prop. 5.3.7, we have: 

Lemma 4.5. Let U be an open subset of M and let x G dU. Then the 
conditions below are equivalent: 
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(i) N X (U) is non empty, 

(ii) N y (U) is non empty for all y in a neighborhood of x, 

(iii) N*{U) is contained in a closed convex proper cone with non empty 
interior in T*M, 

(iv) there exists a local chart in a neighborhood of x such that identifying M 
with an open subset ofV, there exists a closed convex proper cone with 
non empty interior 7 in V such that U is 'j-open in an open neighbor- 
hood W of x, that is, 

w n ((u nw) + c u. 

Definition 4.6. We shall say that an open subset U of M satisfies a cone 
condition if for any x G dU, N X (U) is non empty. 

By Lemmas 14.31 and 14.51 we have: 

Proposition 4.7. Let U G Op Msa . IfU satisfies a cone condition, then U is 
Lipschitz. 

A vanishing theorem 

The next theorem is a key result for this paper and its proof is due to 
A. Parusinski [Pal2j . 

Theorem 4.8. (A. Parusinski) Let V G Op A/sa . Then there exists a finite 
covering V = [Jj e jVj with Vj G Op Msa such that the family {V}} Jg j is a 
covering of V in M sa i and moreover H k {Vj]'k M ) ~ for all k > and all 

jeJ." 

Recall that one denotes by p sal : M sa — > M sa i the natural morphism of 
sites. 

Lemma 4.9. We have Rp sa i*k Msa ~ k Msal . 

Proof The sheaf H k (Rp sa i*k A / sa ) is the sheaf associated with the presheaf 
U 1 — y H k (U; k Msa ). This sheaf if zero for k > by Theorem HE Q.E.D. 

Lemma 4.10. Let M = R n and let U be the open subset U =]0, +oo[xIR ri " 1 . 
Then we have Rps^ku ~ ku. 
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Proof, (i) The sheaf H k (Rp sa \^ku) is the sheaf associated with the presheaf 
V h-» H k (V; k{/). Hence it is enough to show that any V G Op Msa admits a 
finite covering V = \J jeJ Vj in M sal such that H k (Vj\ ~ku) — for all k > 0. 
We assume that the distance d is a subanalytic function. We set 

V' = {xe V- d{x, V\U)< d(x, M \ V)}. 

This is a subanalytic open subset of V. We remark that V D (] — oo, 0] x 
E"- 1 ) C V, hence ^ = V U (V n U). 

(ii) Let us prove that {V , V D U} is a covering of V in M sal . We assume that 
d(x,M \ V) > 3d(x,M \ (V fl U)), for a given x G V, and we prove that 
d(x,M\1/') > d{x,M\V)/3. 

We denote by B(x,r) the open ball with center x and radius r. We set 
R = d(x,M \ V)/3. Hence B(x,3R) C V. By hypothesis we can choose 
2/ G M \ (V fl E/) such that j/) < i?. In particular j/ G 3i?) C ^, 
hence y £ V \ U. Let us prove that B(x, R) C V. For any z G R), we 
have 

dO, F \ U) < d(z, y) < d(z, x) + d(x, y) < 2R. 

We also have d(z,M\V) > d(x,M\V)-d(z,x) = 3R-d(z,x) > 2R. Hence 
z G V by definition of V. Since this holds for any z G B(x,R), we have 
tZ(ar, M \ V ) > R, as claimed. 

(iii) Let us prove that Rr(V; ku) ~ 0. We take coordinates (xi,x') on M = 
]R n . For x = (xi, x') with xi > 0, we have d(x, V \ U) > d(x, M\U) = x\. 
If (xi, x 1 ) G V we obtain d(x, M \ V) > Xi, hence B(x, X\) C V. We deduce 
that V'nU = {x= (xx,x') G V; x x > and J3(a;, x x ) C V}. It follows easily 
that, if {x u x') G y r\U, then G V n U, for all j/i G [0,zi]. Let 
g : M. n — > {0} x M n_1 be the projection. We deduce: 

(a) q maps V'nU onto V PI 

(b) q l_1 (a:) fl V fl f is an open interval, for any x = (0, x') G V D 

For any a < < b we have RT(]a, &[; k]o,&[) — 0. Hence (a) and (b) give 
Rg*FHV'k;y ~ 0, by the base change formula, and we obtain Rr(V'; k^) ~ 
Rr(R n - 1 ;Rg !> Rr y /k J7 ) ~ 0. 

(iv) By Theorem 14.81 we can choose a finite covering of V D U in M sa j, 
say {Wj} je j, such that H k (Wj; k v ) ~ for all > 0. By (ii) the family 
{V, {Wj}j e j} is a covering of V in M sa j. By (iii) this covering satisfies the 
required condition in (i), which proves the result. Q.E.D. 
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Theorem 4.11. Let U G Op A/sa and assume that U has a Lipschitz boundary. 

(i) Rp S ai*k[/M sa - Psai*ki/M 8a ^ kj7M sal is concentrated in degree zero. 

(ii) For F G D b (k Msal ) , one has RT(U; p[ al F) ~ RT(C/; F). 

(iii) Let F G Mod(kA/ sal ) anci assume that F is T -acyclic. Then KT(U ; 
zs concentrated in degree anti «s isomorphic to F(U). 

Note that the result in (i) is local and it is not necessary to assume here 
that U is relatively compact. 

Proof, (i) This is a local problem. Hence, by Remark 1 1 . 1 1 and by the defini- 
tion of "Lipschitz boundary" the first isomorphism follows from Lemma f4. 101 
The second one is given in Proposition 11.121 

(ii) follows from (i) and the adjunction between Rp sa i^ and p|, al . 

(iii) follows from (ii). Q.E.D. 

Example 4.12. Let M = M 2 endowed with coordinates x = (xi,X2). Let 
R > and denote by B R the open Euclidian ball with center and radius 
R. Consider the subanalytic sets: 

U\ = {x G Br] X\ > 0, X2 < x\}, U2 = {x G Br] X\ > 0, X2 > ~ xf} , 



Note that {U\, U2} is a covering of U in M sa but not in M sa \. Denote for short 
by p: M sa — > M sal the morphism p sa i. We have the distinguished triangle in 



Since U\,Ui and U are Lipschitz, Rp*ky is concentrated in degree for 
V = Ui,U2,U. It follows that Rp*k[/ 12 is concentrated in degrees and 1. 
Hence, we have the distinguished triangle 



U 12 



u x nu 2 , U = Ut U U 2 = {x G B R ; xi > 0}. 



D b (kM sal ): 



(4.2) 




+1 



(4.3) 




1 Examples 14.121 14.131 and f4. 141 emerged from discussions with G. Lebeau 
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Let us prove that i? 1 p„k l / 12 is isomorphic to the sheaf N introduced in (j!.13p . 
We easily see that there exists a natural morphism kjj — > N which is surjec- 
tive. Hence we have to prove that the sequence 

k Vl © k U2 k v N 

is exact. This reduces to the following assertion: if V G Op A/sa satisfies 
V C U and N(V) = 0, then {V D U\, V R f/ 2 } is a linear covering of V. We 
prove this claim now. 

Let V C U be such that iV(V) = 0. By the definition of N, there exists 
A > such that t/^.e ^ V for all e > 0, where L/"a, £ is defined in 01. lip . 
Hence there exists a sequence {(xi in , ^2,n)}neN such that Xi in > 0, x 1>n — >■ 
when ?7, — >■ oo, |x 2 ,„| < Ax\ n and (cci )Tl , £ 2 ,n) ^ V", for all n G N. We 
define /(x) = d((x, 0), M\ V), for Then / is a continuous subanalytic 

function and f(xi )n ) < Ax\ n , for all n G N. It follows, by the same argument 
as in Example II .171 (ii). that there exists Xq > such that f(x) < Ax 2 for all 
x g]0, xq[. We deduce, for any (xi,x 2 ) G M 2 with xi g]0,x [, 

(4.4) d{{x 1 ,x 2 ),M\V) < \x 2 \ + d{{x 1 ,0),M\V) < \x 2 \+ Ax\. 
On the other hand we can find B > such that, for any (x%, x 2 ) G U, 

(4.5) max{d((x 1 ,X2) t M\U 1 ),d((x 1 ,x 2 ),M\U 2 )} > \x 2 \ + Bx 2 v 

We deduce easily from f)4.4B and ( 14. 5ft that {VTlC/i, VT1E/2} is a linear covering 
of 

Example 4.13. We keep the notations of Example 14.121 Let F be a sheaf 
on M sa i which is T-acyclic. It follows from Theorem 14. 1 1 1 that Rr(U; p l F) is 
concentrated in degree for V = Ui, U 2 , U. Applying the functor RT( • ; p ] F) 
to the distinguished triangle (14. 2 p we get the exact sequence 

-> F(C/) -)• © F(U 2 ) -> #°Rr([/ 12 ; p ! F) -> 0. 

In other words, the object R,r([/i 2 ; p ! F) ~ RHom, (Rp*k[/ , F) is concen- 
trated in degree and is isomorphic to the cokernel of the map F(U) — > 
F{Ui) © F{U 2 ). Using the distinguished triangle (14. 3p . we get the long exact 
sequence 

-> fl' 1 RHom k (N,F) ->■ H°RHom k (Rp,ky iaJ F) -> 

F(Z7i2) -> # 2 RHom kM (AT, F) -> 0. 
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In particular, if°RHom k (N, F) ~ and if the map F{Ui) © F{U 2 ) -> 
F(U 12 ) is not surjective, then if 2 RHom kM (N, F) ^ 0. 

Example 4.14. Let M = M 2 , x = (x 1 ,x 2 ), B R and p: M sa — > M sal be as in 
Example 14.131 Consider the subanalytic sets: 

Ui = {x e B R \ xi > -\x 2 \}, U 2 = {x e B R - xi < \x 2 \}, 
u 12 = Uxnu 2 , u = V x U U 2 = {x G B R ; x ^ 0}. 

Then U\ and U 2 are Lipschitz and Ui 2 is a disjoint union of two Lipschitz 
open sets. Therefore, Rp*k(7 12 is concentrated in degree and it follows from 
the distinguished triangle (14.31) that Rp^k^ is also concentrated in degree 0. 

5 Construction of sheaves I 

In this section, we shall construct sheaves on the site M sa \. 

On the site M sa , the sheaves C^ emp and Db 1 ^ below have been con- 
structed in |KS96t IKS01] . By using the linear topology M sal we shall con- 
struct sheaves on M sal associated with more precise growth conditions. 

Let us choose a distance d on M such that, for any x G M and any local 
chart (U, <p: U ^ M. n ) around x, there exists a neighborhood of x over which 
d is Lipschitz equivalent to the pull-back of the Euclidean distance by <p. 

The sheaves C^ s '* cmp and Vb^^ 

For the reader's convenience, let us recall first some definitions of |KS96 
IKS01] . As usual, we denote by (resp. C%j) the sheaf of complex functions 
of class C°° (resp. real analytic), by Vbu (resp. Bm) the sheaf of Schwartz's 
distributions (resp. Sato's hyperfunctions) and by V M the sheaf of analytic 
finite-order differential operators. We also use the notation Am = C M . 

Definition 5.1. Let U G Op Msa and llet / G C^(U). One says that / has 
polynomial growth at p G M if it satisfies the following condition. For a 
local coordinate system (x\, . . . , x n ) around p, there exist a sufficiently small 
compact neighborhood K of p and a positive integer N such that 

(5.1) sup (dist(x,K \U)) N \f(x)\ < oo . 

xeKnu 
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It is obvious that / has polynomial growth at any point of U. We say that / 
is temperate at p if all its derivatives have polynomial growth at p. We say 
that / is temperate if it is temperate at any point. 

For U G 0~p Mm , we shall denote by C^' tcmp (U) the subspace of C^{U) 
consisting of tempered functions and by T>b^ ap (U) the space of tempered 
distributions on U, defined by the exact sequence 

-> r MW (M; Vb M ) -»• r(M; Vb M ) -> Vb\T P (U) 0. 

It follows from the work of Lojasiewicz that U i— > C^' tcmp (£7) and [/ i— > 
T>b t ^ ap (U) are sheaves on M sa . We denote by C^ a '* cmp and T>b t ^ vp these 
sheaves on M sa . Note that C^ s '* emp and T>b t ^ ap are T-acyclic and the sheaf 
-p^temp - g g^^y ^ see Definition 12. 6p . 

Recall that one denotes by p sa : M —> M sa and p sa \ : M sa — >■ M sa i the 
natural morphisms of sites. We set: 

Hence, C^ s '* emp and I?6^ mp are £>M S a- m °dules. 

Since C^ s '* emp , 'Db t £™ p and X , j\ ! f sa are T-acyclic on M sa , we have by Propo- 
sition 13.81 

Rp sa i*CM s 'f mp , RPsai*2^M™ P and RPsai*^>M sa are concentrated in degree 0. 
In the sequel, we shall use the following notations. We set 

Coo, temp ^oOjtemp ^jtemp ^.rtcmp ^ ^ 

M sal : -Psal*t- Msa ) Ub M aal '■- Psal*^0 Maa , L> Msal ■= Psal*^M sa - 

Remark 5.2. The sheaves C^' temp and Vb t ^ ap are respectively denoted by 
C£'* and X>6' AJ in [KSOT] . 

Sheaves with temperate growth of a given order 

Definition 5.3. Let U G Op Maa , let / G Cjg(Ef) and let s G M> . We say 
that / has growth of order < s at p G M if it satisfies the following condition. 
For a local coordinate system (x\, . . . , a; n ) around p, there exists a sufficiently 
small compact neighborhood K of p such that 

(5.2) sup (dist (ar, AT \ Z7) ) a | / (x) | < oo . 

xeKnu 
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It is obvious that / has growth of order < s at any point of U. We say 
that / is temperate of order s at p if, for each m G N, all its derivatives of 
order < m have polynomial growth of order < s + m at p. We say that / is 
temperate of order s if it is temperate of order s at any point. 

For U G Op Msa , we denote by C^' S (U) the subspace of C^(U) consisting 
of functions tempered of order s and we denote by C^ ,s the presheaf on M sa \ 
so obtained. 

The next result is clear. 

Proposition 5.4. (i) The presheaves C^' s i are sheaves on M sa i, 
(ii) the sheaf Cm'° is a sheaf of rings, 

(hi) for s > 0, C^ 3 is a C^ ,Q -module and there are natural morphisms 

pOO,S „ poo,s' poo,s + s' 

C M sal ®C™-° C M sal -> <-M sal • 

JVJ sal 

We also introduce the sheaf 

s 

(Of course, the limit is taken in the category of sheaves on M sa i.) Then, for 
< s < s', there are natural monomorphisms of sheaves on M sa i : 

/r o\ ^oo,0 s,oo, s poo,s' pco,tp ^,oo,temp 

U J\4al ^ U J\4al ^ U A/ S al ^ U J\4al ^ U M sal " 

A refined cutoff lemma 

Lemma 15.51 below will play an important role in this paper and is an im- 
mediate corollary of a result of Hormander |Ho83t Cor. 1.4. 11]. Note that 
Hormander's result was already used in |KS96t Prop. 10.2] 

Lemma 5.5. Let Zi and Z2 be two closed subsets of M :=~R n . Assume that 
there exists C > such that 

(5.4) d(x, Z 1 n Z 2 ) < C(d(x, Z x ) + d(x, Z 2 )) for any x G M. 

Then there exists ip G C^' (M\ [Z\ C\Z 2 )) such that ip = on a neighborhood 
of Z\ \ Z 2 and tjj — 1 on a neighborhood of Z 2 \Z\. 
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Let Ui,U 2 G Op Msa and let U — U\ U U 2 . For a > we set 

= {iG M; d(x,M\U 2 ) < ad(x,M\U!)}, 
Z% = {xeM- d{x,M\U x ) < ad(x,M\U 2 )}. 

Note that Zf n £/ C [/;, for z = 1, 2 and a < 1, that Zf C for a < b, that 
M\ ?7 C Zf n Zf for all a > 0, with equality if a < 1, and that Z\ U = M. 

Lemma 5.6. We have, for any z G M 7 

(i) if z E Z\, then d(z, M \ U x ) < 3 Z 2 1/2 ) ; 

(ii) max i=li2 {cZ(^, M \ [/*)} < 3m.ax i=1 , 2 {d(z, Z/ )}, 
(hi) if z £ Zl f \ then d(z, M \ Z{ /2 ) > (l/8)d(z, M \ U\). 
Proof, (i) We choose x G Z^ 2 . Then we have 

d{z, M\U X )- d(z, x) < d{x, M \ U x ) 

< (l/2)d{x,M\U 2 ) 

< {l/2){d{z,x) + d{z,M\U 2 )) 
<(l/2)(d(z,x) + d(z,M\U 1 )), 

where the first and third lines follow easily from the triangular inequality, the 
second and last lines follow from the definitions of Z^ 2 and Z\. We deduce 
d(z, M \ Ui) < 3d(z, x). We can take x such that d(z, x) = d(z, Z^ 2 ) and (i) 
follows. 

(ii) We remark that (i) admits a symmetric statement where we exchange 
the subscripts 1 and 2. We also have Z\VJ Z\ = M. By symmetry we may 
assume that z G Z\, that is, maxj =lj2 {rf(z, M\Ui)} = d(z, M\Ui). Then (ii) 
follows from (i). 

(hi) Let x G M be such that d(z,x) < (l/8)d(z, M \ U\). Then we have 
(5.5) d(x, M \ Ux) > d{z, M\U X )- d(z, x) > 7d(z, x) 
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and 



d(x, M\U 2 )< d(z, x) + d(z, M \ U 2 ) 

< d(z,x) + (l/A)d(z 1 M\U 1 ) 

< d(z, x) + {1/A)(d(z, x) + d(x, M \ UJ) 

< (5/4)d(z, x) + (l/4)d(z, M \ U x ) 

< (5/28 + l/4)d(x,M\Ui) 
<(l/2)d(x,M\C/ 1 ), 

where the first and third lines are triangular inequalities, the second line 
follows from u z G Z 1//4 " and the fifth from (15. 5p . Hence we have proved that, 
if d(z, x) < (l/8)d(z, M\Ux), then x G Z{ /2 . This means that Z 1 ^ 2 contains 
the ball centered at z with radius (l/8)d(z, M \ U\) and this gives (iii). 

Q.E.D. 

Lemma 5.7. Assume that {t/i,^} is a linear covering of U . Then there 
exists ijj G C^'°(U) such that ip = on a neighborhood of Z\^ 2 \ Z 2 and 
if) = 1 on a neighborhood of Z 1 / 2 \ Z\^ 2 . 

Proof. Let A > be such that d(z, M\U) < Amax i=lj2 {d(z, M \ Ui)}, for 
all z G M. By (ii) of Lemma T5.6I the inequality H5.4[) holds with C = 3 A and 
Lemma [5.51 gives the result. Q.E.D. 

1 /2 

Lemma 5.8. The pair {IntZ^, C/i n c/ 2 } «s a linear covering of Ui and 

1 /2 

{IntZ^, C7i n ^ 2 } 

is a linear covering ofU 2 . 

Proof. By symmetry we only have to prove the first assertion. Let x G U\. If 
d(x,M\U 2 ) > (l/4:)d(x,M\U 1 ),thend(x,M\(U 1 nU2)) > (l/4)d(x, M\U{). 
In the other case we have x G Z\^ A . By (iii) of Lemma [5.61 we have d(x, M \ 
Z\' 2 ) > (l/8)d(x,M\U 1 ). Since x G U u we have r := (l/8)d(ar, M\ U x ) > 0. 
Hence Z\^ 2 contains the open ball B(z,r). But then IntZ^ 2 contains the 

1 /2 

same ball and we have d(x, M \ IntZ/ ) > (l/8)d(x, M \ U\). In both cases 

d(x, M \ C/i) < 8max{d(x, M \ (U ± n t/ 2 )), <Z(z, M \ IntZ^ 2 )}, 

as required. Q.E.D. 

Proposition 5.9. Let & be a sheaf of C^ -modules on M sa i. TTien J^" zs 
F -acyclic. 
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Proof. By Proposition 12.4} it is enough to prove that for any {Ui, U 2 } which 
is a covering of U l U U 2 , the sequence -> &{U X U U 2 ) ->■ ^(^1) ®&(U 2 ) ->■ 
&(U\ D £/ 2 ) ~~ is exact. This follows from Lemma [5.7[ similarly as in the 
proof of |KS96| Prop. 10.2]. We use the notations Z^ 2 , Z^ 2 , ^ of Lemma [5771 

1 /2 1 /2 

By LemmaEH {IntZf 7 , C/inC/b} 

is a linear covering olUx and {IntZ^^t/xn 
?7 2 } is a linear covering of U 2 . Hence, for a given s G r(C/i R t/ 2 ; we can 
define si eT^; and s 2 G r(C/ 2 ; ^) by 

Si|f7ina 2 = V> " s , Si| Intz V2 = and s 2 |t/ in (7 2 = (l-ip)-s, s 2 \ lntZ i/2 = 0. 

Then si\ UinU2 + s 2 | c/inl / 2 = s. Q.E.D. 
Corollary 5.10. (i) The sheaves C'^' t ^ rap and T>b t ^f av i are T-acyclic. 
(ii) The sheaves C^' s (s G M>o) and C^' 1 ^ are T-acyclic. 

Gevrey sheaves 

The definition below of the sheaves and §f is inspired by the definition 
of the sheaves of C°°-functions of Gevrey classes, but is completely different 
from the classical one. Here we are interested in the growth of the function 
at the boundary contrarily to the classical setting where one is interested in 
the Taylor expansion of the function. As usual, there are two kinds of regu- 
larity which can be interesting: regularity at the interior or at the boundary. 
Since we shall soon consider the Dolbeault complexes of our new sheaves, the 
interior regularity is irrelevant and we are only interested in the regularity 
(or better, "growth") at the boundary. 

We refer to |Ko73[ IKo77j for an exposition on classical Gevrey functions 
or distributions and their link with Sato's theory of boundary values of holo- 
morphic functions. Note that there is also a recent study by |HMllj of these 
sheaves using the tools of subanalytic geometry. 

Definition 5.11. Let U G Op A/sa , let / G Cj${U) and let (s, h) G]l, +oo[x]0, +00 [. 
We say that / has 0- exponential growth of type (s, h) at p G M if it satisfies 
the following condition. For a local coordinate system (xi, . . . , x n ) around p, 
there exists a sufficiently small compact neighborhood K of p such that 

(5.6) sup (exp(-h-dist(x,K\Uy- s ))\f(x)\ < 00. 

xeKnU 
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It is obvious that / has O-exponential growth of type (s, h) at any point of U. 
We say that / has exponential growth of type (s, h) at p if all its derivatives 
have O-exponential growth of type (s, h) at p. We say that / has exponential 
growth of type (s, h) if it has such a growth at any point. 

We denote by G S ^{U) the subspace of C^}(U) consisting of functions with 
exponential growth of type (s, h). 

Definition 5.12. For U G Op Msa and s e]l,+oo[, we set: 

G$(U) := JmGtf (CO, G$(U) := lim G S £{U). 
h h 

and we denote by and the presheaves on M sal so obtained. 
We also set^:V« :=C^. 

Clearly, the presheaves i and do not depend on the choice of 

the distance. 

Proposition 5.13. (i) The presheaves and are sheaves on M sa ,i, 

(ii) the presheaves and ^ffi are '-modules, 

(iii) the presheaves i and are T>m sA -modules, 

(iv) the presheaves and @m are F -acyclic, 

(v) we have natural monomorphisms of sheaves on M sa i for 1 < s < s' 

c oo,temp g(s) C oo 

Proof, (i), (ii), (iii) and (v) are obvious and (iv) follows from (ii) and Propo- 
sition E3g Q.E.D. 



6 Construction of sheaves II 

By using the functor p|, al , we will construct new sheaves (in the derived 
sense) on M sa associated with the sheaves previously constructed on M aa \. 
Recall that one denotes by p sa : M — > M sa and p sa i : M sa — > M sal the natural 
morphisms of sites. 
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Theorem 6.1. (i) The functor p^ : Mod(V Ms J — > Mod(V Msal ) has finite 
cohomological dimension. 

(ii) The functor Rpsai*: D(T>m s J — > D(Dju sal ) commutes with small direct 
sums. 

(iii) The functor Rp sa i* *n (ii) admits a right adjoint p sal : D(V Msal ) — > D(U Ma J. 

(iv) The functor p' agl induces a functor p sal : D + (£>M sal ) — > D + (T>M aa )- 
Proof. Consider the quasi-commutative diagram of categories 

Mod(V M J Mod(V M J 



for 



for 



Mod(C Msa ) ^-Mod(C M8 J. 

The functor for: Mod(X>A/ sa ) — > Mod(CM sa ) is exact and sends injective ob- 
jects to injective objects, and similarly with M sa i instead of M sa . It follows 
that the diagram below commutes: 



for 



for 



D(C A/s J RP - U : D(C Ms J. 

Moreover, the two functors for in the diagram above are conservative. Then 

(i) follows from Corollary 13.91 

(ii) follows from Proposition I3.10[ 

(iii) -(iv) follow from the Brown representability theorem, as in the proof of 
Theorem EUl Q.E.D. 

Definition 6.2. For s > 0, we set: 

Qf := PsaiQ? eD + (D M J. 

Let us apply Theorem 14.111 and Corollary 15.101 We get that if U G Op Msa 
is Lipschitz, then 



and similarly with C^°' ! 



'M Et 



RV{U-C^)^C^ S {U) } 
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Definition 6.3. For s G [l,+oo[, we set: 

:= pLML and gfjg := objects of B + (V M J. 

We call @m the sheaf of Gevrey functions of type (s) and the sheaf of 
Gevrey functions of type {s} on M sa . 

Applying Theorem 14.111 and Proposition 15.131 we get that if U G Op Mga 
is Lipschitz, then 

RT(U; ^i) ~ G$(U), RT(Z7; < } J ^ g£>(17). 
Sheaves on complex manifolds 

Let X be a complex manifold of complex dimension dx and denote by Xr 
the real analytic underlying manifold. Denote by X the complex manifold 
conjugate to X. (The holomorphic functions on X are the anti-holomorphic 
functions on X.) Then X x X is a complexification of Xr and is a 
T> XxX - module which plays the role of the Dolbeault complex. 

Recall that the sheaf C^£ mp := R,#?om v _ {p sa ,\&x , C^' temp ) has been 

^^^^^^^ sa X sa sa sa 

defined in [KSOlj where it is denoted &x sa ,- 

Proposition 6.4. The natural morphism~R,3t?om v _ (p S a\^'x Ba ,^x' tP ) ~ * C*x mp 
is an isomorphism in D + (Dx s J- 

Sketch of proof . By mimicking the proof of |KS96[ Th. 10.5], we are reduced 
to prove that, denoting by A the Laplace operator on M = M n , for any 
U G Op Msa we have the following. 

Let if G C^' temp (U) and assume that Aip G C^' tp (U). Then 

The proof goes as in |KS96l Prop. 10.1]. Q.E.D. 

One also defines the sheaves of holomorphic functions of Gevrey type (s) 
or {s} as: 



« := RJfom (^.^GD^ 

Asa 

2 := RJfbm ( fa! % a 4; a } )eD + (D Xs 

A sa 
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Denote by C^/ S ^ p ' 9 ^ the sheaf of differential forms of type (p, q) with co- 
TA We define CK 



efficients in C^' s . We define O s x by the Dolbeault complex 



QS g _^ ^oo,s,(0,0) £00,3+1,(0,1) 9^ ^oo.s+dx ,(0,dx) _^ g 

One shall be aware that in general C'^' s '^ p is not in degree 0. 

Remark 6.5. We denote by FT>m the ring T>m endowed with the natural 
filtration by the order and we use a similar notation for the filtered rings 
FV Msa and FV Msal . 

Recall after Schneiders |Sn99] that the category Mod(FV M ) is quasi- 
abelian and not abelian in general, but one can nevertheless define the derived 
categories D(FT> M ) and Y) + (FV M ) and similarly with FT> Ma& and FT> Msal . 
In a forthcoming paper, we shall prove an analogue of Theorem 16.11 in the 
framework of these filtered rings. 

Hence, denoting by FC^'^ mp the filtration on C^' emp given by Proposi- 
tion EH we have FC^f^^ G Mod(F'Djvf sal ). Then we will define the filtered 
sheaf of holomorphic functions on X sa as: 

FOZ P ■= RJfom (p sa! % a ,FC~f mp )GD + (FI? Xs J. 
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